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Abstract. Infinite determinantal measures introduced in this note are 
inductive limits of determinantal measures on an exhausting family of 
subsets of the phase space. Alternatively, an infinite determinantal mea- 
sure can be described as a product of a determinantal process and a con- 
vergent, but not integrable, multiplicative functional. 

The main result announced in this note gives an explicit description 
for the ergodic decomposition of infinite Pickrell measures on the spaces 
of infinite complex matrices in terms of infinite determinantal measures 
obtained by finite-rank perturbations of Bessel point processes. 

1. Introduction 

Let E be a locally compact complete metric space, and let Conf (E) be 
the space of configurations on E endowed with the natural Borel structure 
(see, e.g., & ED). 

Our first aim in this note is to construct infinite analogues of determinan- 
tal measures on Conf (E). The construction is based on the following result 
in generalized in Proposition|3]below. 

Let fi be a sigma-finite Borel measure on E assigning finite weight to 
compact sets, and let LT : L 2 {E, fi) — > H be an operator of orthogonal 
projection onto a closed subspace H C L 2 (E, //). Assume that II defines 
a determinantal measure Pn (see (21J)- Let E C E be a Borel subset, and 
let Coni(E; E) be the subset in Conf(.E') consisting of configurations all 
whose particles belong to E. Given a bounded measurable function g on E, 
we will often identify g with the bounded operator of multiplication by g. 

Under certain additional assumptions precisely formulated below it is 
shown in [7] that the induced measure of Pn on Conf (E; E) is a determi- 
nantal process induced by the operator Ii E of orthogonal projection onto 
the subspace x eH. 

This result allows us to perturb a determinantal measure Pn by a finite- 
dimensional space V of locally square-integrable functions. The construc- 
tion can informally be summarized as follows. 

Assume that there exists an increasing exhausting family of Borel sets 

oo 

E n , E n c E n+1 , nGN, [J E n = E, such that X E n V C L 2 (E, /i) for all n. 

n=l 

1 
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Let Tly n be the operator of orthogonal projection onto the closed subspace 

XE n V + X E n H C L 2 (E,n). 

Under certain additional assumptions precisely formulated below, there ex- 
ists a (T-finite measure B on Conf(.E') satisfying the following: 

(1) for B-almost every configuration X there exists n G N such that all 
particles in X lie in E n \ 

(2) for all n G N we have 

< B(Conf (E; E n )) < +oo; 

(3) for all n G N we have 

B|conf(ff;gJ _ ™ 

B(Conf(£;£ n )) ~ u v n ' 

These three requirements determine the measure B uniquely up to multi- 
plication by a constant. 

We now proceed to the precise formulation of assumptions needed for 
the above construction. To simplify the exposition, we first consider the 
special case of projection operators with continuous kernels and of a one- 
dimensional subspace V. 

Let U : E x E — )> R be a continuous function such that the formula 

Utp(x) = J Il(x,y)il>(y)dn(y) 

defines an orthogonal projection operator on L 2 (E, /x). Let the closed sub- 
space H be the range of II. By definition, the operator II is of local trace 
class: for any bounded Borel set B C E, the operator Xb^-Xb is of trace 
class. By the Macchi-Soshnikov Theorem, the operator II induces a deter- 
minantal probability measure P n on Conf (E). 

Now let if be a positive continuous function on E satisfying the local 
square integrability condition: for any bounded Borel set B C E we have 

if 2 dji < +oo. 

We need the following 
Assumption 1. There exists a Borel subset E C E such that: 

(i) 

/ n (*. *>*«(*) <+o»i 

E\Eq 

(2) 

||Xi?VE n|| < 1; 
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tp' 2 dp < +00; 



E 

(4) 



ip(x)H(x, x)dp(x) < +00. 

E\E 

For a Borel subset E D E satisfying x^P e L 2 (E,p), let be the 
operator of orthogonal projection onto the subspace XeV + XfiH. 

Proposition 1. Let II : E x E —¥ R be a continuous kernel inducing an 
orthogonal projection operator in L 2 (E, p), let ip be a continuous function 
on E locally square-integrable with respect to p, and let E C E be a 
Borel subset. If Assumption\\\is verified for II, <p, and E , then there exists 
a a -finite Borel measure B on Conf (E) such that 

(1) for any Borel subset E D E satisfying G L 2 (E, /i), we have 
< B(Conf (E; E)) < +00 and 



B(Conf (E; E)) 

(2) There exists an increasing exhausting family of Borel sets E n , 

E cE n C E n+1 , neN, 

such that XE n f e L 2 (E, p) for all n and 

' 00 \ 

Conf (E)\ |J Conf (E; E n ) = 0. 

n=l / 

The requirements 1 and 2 determine the measure B uniquely up to multi- 
plication by a constant. 

2. Multiplicative Functionals of Determinantal Processes 

2.1. Locally integrable functions and locally trace class operators. We 

will need several functional spaces associated with the pair (E, p). 

Recall that L 2 j oc (E, p) is the space of all measurable functions f : E 
C such that for any bounded subset B C E we have 

(1) J \f\ 2 dp< +00. 

B 

Choosing an exhausting family B n of bounded sets (for instance, balls 
of radius tending to infinity) and using (OQ) with B = B n , we endow the 
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space L2 ) ioc(E, //) with a countable family of seminorms which turns it into 
a complete separable metric space; the topology thus defined does not, of 
course, depend on the specific choice of the exhausting family. 

Let J?i(E, jj) be the ideal of trace class operators K: L 2 (-E,/i) — )■ L 2 {E^ii) 
(see volume 1 of 11201 for the precise definition); the symbol | | ^ will 
stand for the J^-norm of the operator K. Let J^ 2 (E,fi) be the ideal of 
Hilbert-Schmidt operators K: L 2 (E,fi) — >■ L 2 (E,fi); the symbol \\K\\y 2 
will stand for the J^-norm of the operator K. 

Let <fij oc (E, /i) be the space of operators K : L 2 (E, /i) — >■ L 2 (E, //) such 
that for any bounded Borel subset B C E we have 

XbKxb e Si{E,n). 

Again, we endow the space ^i,ioc(E,fi) with a countable family of semi- 
norms 

(2) WxbKxbW^ 

where, as before, B runs through an exhausting family B n of bounded sets. 

2.2. Determinantal processes. For a bounded Borel set A c E consider 
the function 

# A : Conf(E) -> NU {0} 

that to a configuration X G Conf(i?) assigns the number of particles in X 
belonging to A. Recall that a Borel probability measure P on Conf(-E) 
is called determinantal if there exists an operator K E J?ij oc (E, jj) such 
that for any pairwise disjoint bounded Borel sets A\, . . . ,Ai C E and any 

Z\, . . . , Zi & C we have 

(3) E P zf^ ■ ■ ■ zf Al = det (l + ~ VXA t Kxu tA ) ■ 

^ i=i ' 

The Fredholm determinant in © is well-defined since K e J ! \^ oc [E, fj,). 

In what follows we suppose that K belongs to loc (i?, /i), and denote 
the corresponding determinantal measure by F K . Note that F K is uniquely 
defined by K, but different operators may yield the same measure. By the 
Macchi — Soshnikov theorem IfTOl , lETTl . any Hermitian positive contraction 
that belongs to the class J^i^^E, /j) defines a determinantal process. 

2.3. Multiplicative functionals. Let g be a non-negative measurable func- 
tion on E, and introduce the multiplicative functional ^ g : Conf(.E') — > M. 
by the formula 

w = n six). 
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In the product in the right-hand side diverges, then the multiplicative 
functional is not defined. 

At the centre of the construction of infinite determinantal measures lies 
the result of [7 J that can informally be summarized as follows: a determi- 
nantal measure times a multiplicative functional is again a determinantal 
measure. In other words, if is a determinantal measure on Conf (E) 
induced by the operator K on L 2 (E, //), then, under certain additional as- 
sumptions, it is shown in [7] that the measure 

is a determinantal measure. 

2.4. The space J^. It is required in Q that the operator (g — 1)K be 
of trace class; this assumption is too restrictive for our purposes, and we 
shall now formulate a slightly more general version of Proposition 1 in (7]|. 
To do so, we first consider a slightly more general algebra of operators K 
for which the trace trK and the Fredholm determinant det(l + K) can be 
defined and shown to have the usual properties. The space ^(E,/j) is a 
modification of the space Li\ 2 (H) introduced by Borodin, Okounkov and 
Olshanski [2J. We proceed to precise formulations. 

Take a countable partition £ of our space E into disjoint bounded mea- 
surable sets E n , ?i6N. Introduce the sets 

oo n— 1 

(4) > n} = |J E k - {£ < n} = (J E k . 

k=n+l k=l 

Informally, £ is considered as a random variable taking integer values. 
The subspace 

is now defined as follows: an operator K G J^i ) ; oc (£', //) belongs to ^{E, //) 
if 

(1) Ke^ 2 {E,ft); 

oo 

(2) E IIX£V^XeJU < +oo. 

n=l 

The space ^(E, fx) is normed by the formula 

1 1-^1 U S = \ \ K \\^2 + ^2\\XE n KxE n \\y 1 - 
n=l 
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By definition, the space ^(E, fx) is an algebra. For K E ^{E, fx), the 
Fredholm determinant det(l + K) is defined by the formula 

(oo 
n=l 

The right-hand side of © is well-defined since (1 + K) exp(— K) E J'x 
for any K E J? 2 - 

For K 1 ,K 2 E J^, we clearly have 

det((l + #0(1 + K 2 )) = det(l + K x ) det(l + K 2 ). 

The following proposition is clear from the definitions. 

Proposition 2. If(g - 1)K E J?t(E,fi), then * g E Li(Conf (£), F K ) and 

E PK q g = det(l + (g-l)K). 

Now assume that the operator 1 + (g — 1)K is invertible, and define op- 
erators 

K) = gK(l+(g - B(g, K) = ^gK(l+(g - l)K)- 1 ^. 

By definition, B(g,K), B(g, K) E J^ Uoc {E,fx) since A" E J noc {E, fx). 
The following Proposition is a generalization of Proposition 1 in 0. 

Proposition 3. Assume that an operator K E J^i^ 0C (E,fx) induces a de- 
terminantal measure Fx on Conf(A). Let ^ be a countable measurable 
partition of E and let g be a nonnegative bounded measurable function 
on E such that (g — 1)K E ^(E, fx) and that the operator 1 + (g — 1)K 
is invertible. Then the operators B(g, K), B(g, K) induce on Conf(£') a 
determinantal measure fB( g ,K) = ^B( g ,K) satisfying 

/ ^ g dF K 

Conf(£) 

Indeed, take a bounded measurable function / on E such that 

(f-l)KEJ?s(E,fx). 

We then have 



and the proposition follows. 



det(l + (/ - l)B(g, K)) = det(l + (/ - l)B(g, K)), 
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Proposition 4. If II G ^i,i oc (E, p) is an operator of orthogonal projection 
onto a closed subspace H, and the assumptions of Proposition^ hold for 
K = II, a partition £ and a non-negative measurable function g, then the 
operator B(g, II) is the operator of orthogonal projection onto the subspace 

This proposition, easy to verify directly, motivates the construction of 
infinite determinantal measures to which we presently proceed. 



3. INFINITE DETERMINANTAL MEASURES 

3.1. Construction of infinite determinantal measures. As before, let IT G 
JP\ } ioc{E , p) be the operator of orthogonal projection onto a closed subspace 
H C L 2 (E, p), let V be a finite-dimensional subspace of L 2 ,ioc(E, p), and 
let £ be a countable partition of E. 

Assumption 2. ( 1 ) For all sufficiently large n G N we have 

X{£>n}II e f£ 

(2) For all n eN we have 

X{t<n}V C L 2 (E,p); 

(3) For all sufficiently large n G N we /zave ||x{^ >n }Il|| < 1. 
Set 

= X{£<n}H + X{t<n}V, 

and let 11^ be the operator of orthogonal projection onto the subspace Hy H . 
By our assumptions, we have 

n£ n g s^e,!!), 

and, by the Macchi-Soshnikov Theorem, for any n G N the operator IIy n 
induces a determinantal measure P n e,n on the space Conf (E; {£ < n}). 

Theorem 1. Le£ IT, V and £ satisfy Assumption [2] TTzere exists a a-finite 
Borel measure B on Conf (i?) satisfying the following conditions: 

(1) for any n eNwe have < B (Conf (£7; {£ < n})) < +oo; 

(2) B ( Conf(£)\ Conf(E; {£ < n}) J = 0; 



(3) 



71=1 



IConf(i?;{£<n}) _ 



'V 



B(Conf(£;{£ < n})) n i 
The measure B is defined uniquely up to multiplication by a constant. 
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Remark. The specific choice of a partition £ in the definition is not 
important: if a different partition £' is used, the same measure is obtained, 
as can be checked by considering the common refinement of £ and 

We denote B(LT, V) the one-dimensional cone of nonzero infinite deter- 
minantal measures induced by II and V . 

3.2. Multiplicative functionals of infinite determinantal measures. In 

this subsection we show that an infinite determinantal measure can be rep- 
resented as a product of a determinantal measure and a convergent, but not 
integrable, multiplicative functional. 

Proposition 5. Let LL V and £ satisfy Assumption^ Let g: E — > (0, 1] be 
a Borel function such that 

(1) (j-l)ne#,/i); 

(2) y/gV C L 2 (E, /i) . 

Then the multiplicative functional is B(II, V) -almost surely well-defined 
and non-zero. 

Let Ily be the orthogonal projection onto the subspace 

H°r = y/gH + y/gV. 
Under our assumptions, we clearly have 

In particular, we have 

TT?' n — TT x ^ <n > 

lly — lly 

Proposition 6. Let II, V and £ satisfy As sumption^and make the additional 
assumption \\{g — 1)II|| < 1. Then for any B G B(LI, V) we a/so /zave 

(1) ^eLi (Conf(£),B); 



(2) 



= PnV 



Conf(E) 

We can thus write 

B = C7-^ 1/9 P n?/ , 

where C is a positive constant. An infinite determinantal measure is thus 
represented as a product of a determinantal probability measure and a con- 
vergent non-integrable multiplicative functional. 
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3.3. Convergence of approximating kernels. Given two closed subspaces 
Hi, H 2 in L 2 (E, /x), we let a(Hi, H 2 ) be the angle between Hi and H 2 , de- 
fined as the infimum of angles between all nonzero vectors in Hi and H 2 \ 
recall that if one of the subspaces has finite dimension, then the infimum is 
achieved. Assume 

VnL 2 (E,fi) =0. 

Proposition 7. Let g n : E — >■ (0, 1] oe a sequence of positive measurable 
functions such that 

(1) for alln G N we /iave (# n - l)n G St(E, //); 

(2) /or all n ^ N we /iave y/%V C L 2 (E, fx); 

(3) £/zere ex/*?* a > swc/z that for all n we /zave 

a(y/g~H, yf%V) > a ; 

(4) /or any / > we /zave 

lim sup \g n (x) — 1| = 0. 
n ^°°xe{£<i} 

Then, as n — > oo, we have 

U 9 v n ^IHnJ? Uoc {E,iJ,). 
Corollary 1. If there exists a > such that for all n we have 

a{X{t<n}H, X{t<n}V) > a , 

then 

Informally, Corollary Q] means that, as n grows, the induced processes of 
B G B(n, V) on subsets Conf (22; {£ < n}) converge to the "unperturbed" 
determinantal process P n . 

4. Unitarily-Invariant Measures on Spaces of Infinite 

Matrices 

4.1. Pickrell Measures. Let Mat(n, C) be the space of nxn matrices with 
complex entries: 

Mat(n, C) = {z = (zij), i — 1, . . . , n;j — 1, . . . , n) 

Let dz be the Lebesgue measure on Mat(n, C). 

Following Pickrell [TT3T1 . take s G K and introduce a measure Jin on 
Mat(n, C) by the formula 

= det(l + z*z)- 2n - s dz. 
The measure Jin is finite if and only if s > — 1 . 
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For m < n, let 

tt^ : Mat(n,C) -»-Mat(ni,C) 

be the natural projection map that to a matrix z = (zij),i,j = 1, . . . , n, 
assigns the matrix tt^ (z) = j = 1, . . . , ri\. 

The measures //„ ' have the property of consistency with respect to the 
projections 7r" . More precisely, following Borodin and Olshanski (3), ob- 

serve that even if the measure /i n is infinite, the fibres of the projection 
7r™_ 1 have finite conditional measure as long as n + s > 0. The push- 
forward (7r"_J*/In is consequently well-defined, and for any s G R and 
n > — s we have 

(7) (tt" )gW- 7r2n ' 1 ( r (n + .)) 2 ( S ) 

Now let Mat(N, C) be the space of infinite matrices whose rows and 
columns are indexed by natural numbers and whose entries are complex: 

Mat(N,C) = {z = {zij),i,j g N,Zij G C}. 

Let ir™ : Mat(N, C) ->■ Mat(n, C) be the natural projection map that to 
an infinite matrix z G Mat(N, C) assigns its n x n-"corner", the matrix 
(zij),i,j = l,...,n. 

Take sGK and n E N,n > —s. The relation © and the Kolmogorov 
Existence Theorem (HI imply that for any A > there exists a unique mea- 
sure fi^'^ on Mat(N, C) such that for any n > n we have 

(8) «%^> = a I TT ^•• r(2 ' + 3))r(2 '- 1 + s 





(r(/ + s)) 2 

If s > —1, the measures are finite, and we let /z^ be the probability 
measure in the family // s '^. 

In this case, © implies the relation 

(«*>) - vr-" 2 TT r(2f + a ))r(2f-i + a ) ^ 
[ n) *^ ~ 11 (r(/ + s )) 2 

If s ^ —1, the measures // S ' A ) are all infinite, and there is no natural 
normalization. In this case, slightly abusing notation, we shall omit the 
super-script A and write fi^ for a measure defined up to a multiplicative 
constant. 

Let U (oo) be the infinite unitary group: an infinite matrix u = (wi^ijeN 
belongs to [/(oo) if there exists a natural number n such that the matrix 

(Uij),i,j G [l,n ] 
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is unitary, while uu = 1 if i > n and Uij —Oifi^j, max(z, j) > n . 

The group U (oo) x U (oo) acts on Mat(N, C) by multiplication on both 
sides: 

T( Ul , U2 )Z = u x zu 2 l . 

The Pickrell measures // s ) are by definition U (oo) x U (oo)-invariant. 

Theorem 1 and Corollary 1 in [5] imply that the measures /i^ admit 
an ergodic decomposition. Furthermore, Theorem 1 in j6l implies that for 
any s G R the ergodic components of the measure /x^ are almost surely 
finite. The main result of this note is an explicit description of the ergodic 
decomposition of the measures fj,^ for s ^ -1 - 2k, k G N; in particular, 
for s < —1 we shall see that the ergodic decomposition is given by an 
explicitly computed infinite determinantal measure. 

4.2. Classification of ergodic measures. First, we recall the classification 
of ergodic probability [/(oo) x [/(oo) -invariant measures on Mat(N, C). 
This classification has been obtained by Pickrell |fl"5l , [fT6ll ; Olshanski and 
Vershik Ifl4l proposed a different approach to this classification in the case 
of unitarily-invariant measures on the space of infinite Hermitian matrices, 
and Rabaoui lfT8l , |fT9ll adapted the Olshanski- Vershik approach to the ini- 
tial problem of Pickrell. In this note, the Olshanski- Vershik approach is 
followed as well. 



Take z G Mat(N, C), denote 



z {n) = O. 



and let 

Ai n) > . . . ^ \™ > 
be the eigenvalues of the matrix 

z (n) 



counted with multiplicities, arranged in non-increasing order. To stress de- 
pendence on z, we write A- n ^ = X[ n \z). 

Theorem. ( 1 ) Let rj be an ergodic Borel U(oo)xU (oo) -invariant prob- 
ability measure on Mat(N, C). Then there exist non-negative real 
numbers 

7^0, X\ ^ x 2 ^ • • • ^ x n ^ . . . ^ , 

oo 

satisfying 7 ^ 2^ Xi ' sucn that for rj-almost every z G Mat(N, C) 
i=i 

and any i G N we have: 
(9) x t = lim -5-^, 7 = lim — ^ 1 . 

n— >oo Tl n— >oo Tl 
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(2) Conversely, given non-negative real numbers 7^0, X\ ^ X2 ^ 
. . . ^ x n ^ . . . ^ swc/z ?/za? 



OO 



7 ^ 



i=l 



there exists a unique U (oo) x U (oo) -invariant ergodic Borel prob- 
ability measure r\ on Mat(N, C) such that the relations (|9]) hold for 
i]-almost all z E Mat(N, C). 

Introduce the Pickrell setVtp C M+ x by the formula 

Q P = < co = (7, x) : x = (x n ), n E N, x n ^ x n+i ^ 0, 7 ^ ^ 



00 

X i 

i=l 

N 



The set fip is, by definition, a closed subset of M + x M.+ endowed with the 
Tychonoff topology. 

By Proposition 3 in [5], the subset of ergodic [/(oo) x U( 00) -invariant 
measures is a Borel subset of the space of all Borel probability measures on 
Mat(N, C) endowed with the natural Borel structure. Furthermore, if one 
denotes r]^ the Borel ergodic probability measure corresponding to a point 
to E fip, to = (7, x), then the correspondence 

w — > rju 

is a Borel isomorphism of the Pickrell set f2p and the set of U (00) x U (00)- 
invariant ergodic probability measures on Mat(N, C). 

The Ergodic Decomposition Theorem (Theorem 1 and Corollary 1 of [5]) 
implies that each Pickrell measure s6l, induces a unique decompos- 
ing measure /Z^ on f2p such that we have 

(10) /i (5) = f Tj u df^'\u). 



The integral is understood in the usual weak sense, see [[5]|. 

For s > — 1, the measure Ji^ is a probability measure on fip, while for 
s ^ — 1 the measure ~p( 8 > is infinite. 

Set 

00 

= {(7> fan}) E Q P : x n > for all n, 7 = ^x n }. 

n=l 

The subset f2 P is of course not closed in f2p. 
Introduce a map 

conf : ftp — >■ Conf ((0, +00)) 
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that to a point u G flp, co = (7, {x n }) assigns the configuration 

conf (co) = (x%, . . . , x n , . . .) G Conf ((0, +00)). 

The map to — > conf (w) is bijective in restriction to the subset 

Remark. In the definition of the map conf, the "asymptotic eigenvalues" 
x n are counted with multiplicities, while, if x no = for some n , then x no 
and all subsequent terms are discarded, and the resulting configuration is 
finite. We shall see, however, that the complement ilp\il p is -negligible 
for all s 7^ —1 — 2k, fcGN, and, consequently, that, /Z^-almost surely, all 
configurations are infinite. It will also develop that, Jfr a > -almost surely, all 
multiplicities are equal to one. 

We proceed to the formulation of the main result of this note, an explicit 
description of the measures ~p,( s > for s ^ —1 — 2k, fceN. 

5. The main result 

5.1. Ergodic decomposition of finite Pickrell measures. Consider the 
half-line (0, +00) endowed with the standard Lebesgue measure Leb. 

Introduce a kernel K ^ by the formula 

K ' [Xi, x 2 ) = — , Xi > 0, x 2 > . 

Xi - x 2 

The kernel induces on the space L 2 ((0, +00), Leb) a projection op- 
erator, for which, slightly abusing notation, we keep the same symbol K^; 
the change of variable y = 2/y/x reduces to the usual Bessel kernel 
induced by the Hankel transform (see 11221 ). The operator ifw is locally 
of trace class, and, by the Macchi-Soshnikov Theorem, it induces a deter- 
minantal measure F K ( S ) on Conf (0, +00). The measure P^w is precisely 
the decomposing measure for the Pickrell measure fi^ as is shown by the 
following 

Propositions. Lets > —1. Then Ji^ (VLp) = 1 and the -almost sure 
bijection lu — > conf (cu) identifies the measure Jl^ s ' with the determinantal 
measure F K ( a ). 

5.2. Ergodic decomposition of infinite Pickrell measures. Now take s < 
-1, s ^ -1 - 2k, k G N. Let n s be such that 

8 ( 1 1\ 

- + n s G , - . 

2 V 2 2/ 

Introduce a finite-dimensional subspace C L 2 j oc ((0, +00), Leb) by 
the formula 

V {s) = span (x- s/2 -\ x-^-^ 1 ) . 
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Let £ be the partition 

(o>+«0= U \kTi>£) U (*.* + !]■ 

For any e > 0, s > — 1, we have 

X[£ , +oo) K (s) G^((0,+oo),Leb). 
For any e > 0, s G M, we have 

X[e , +oo) ^ s) cL 2 ((0,+oo),Leb). 

Consequently, the one-dimensional cone B(K^\ V^) of infinite de- 
terminantal measures introduced in Subsection 2.1 is well-defined for any 

si > — 1, s 2 ^ — 1. 

Theorem 2. Le? s < — 1, s ^ — 1 — 2k, k G N, and letjt^ be the decom- 
posing measure, defined by rflOl) . of the Pickrell measure fj,^ s \ Then 

(1) p s \Q P \Q° P ) = 0; 

(2) the Jl^ -almost sure bijection lu — > conf(w) identifies Jl^ with an 
infinite determinantal measure 

B G B(^ (s+2ns) ,\/ (s) ). 

The detailed proof of Theorem [2] will be published in the sequel to this 
note. 
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